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Free Vibrations of a Certain Geometrically Nonlinear System
with Initial Imperfection

Lech Tomski* and Stanislaw Kukiat
Czestochowa Institute of Technology, Czestochowa, Poland

In this paper, the free vibration of a geometrically nonlinear system with initial imperfection is studied. The
equations of motion of a beam are assumed within the framework of the moderately large bending theory. The
effects of an initial imperfection and amplitude on the nonlinear vibration frequency and value of axial internal
force in a beam are presented. For solving the problem, the Lindstedt-Poincaré method is used.

Nomenclature

= cross-sectional area of beam
spring constant

eccentricity of load

Young’s modulus of beam
internal longitudinal force in spring
moment of inertia of beam

= beam length

force loading the system

internal longitudinal force in beam
= first approximation of force S

t = time coordinate
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U(x,t) = longitudinal displacement of beam
W(x,t) = lateral displacement of beam
W, = IW(x,t)/ox
B = c¢L/(EA), nondimensional spring constant
€ = small dimensionless parameter (¢ < 1)
w = nonlinear free frequency
W = first approximation of nonlinear frequency w
0 = mass density
Introduction

HE problems concerning vibration and stability of over-
braced frames can be described in terms of moderately
large bending theory, in which one takes into account the
geometric nonlinearity generated by the transverse displace-
ment of frame beams. In Refs. 1-7, a nonlinear buckling
analysis of planar structures subjected to conservative and
nonconservative forces has been presented. This analysis was
based on a static approach and only the divergence-type insta-
bility was studied. Vibration of these systems had not been
examined, whereas the problem of nonlinear free vibration of
beams with immovable ends received the attention of several
authors (cf. Refs. 8-9 for bibliographical information). Both
the continuum approach and the finite-element methods were
used. Bhashyam and Prathap® and Sarma and Varadan® inter-
preted «? not as a frequency but only as a proportionality
coefficient between W and w at the point of maximum ampli-
tude of the transverse displacement.
Bhashyam and Prathap?® referred to »? as the characteristic
nonlinear frequency parameter, whereas other scholars use the
traditional name: the nonlinear frequency (cf. Ref. 9). In this
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work, the latter expression is used. The relationship
(W= —w?w) is used in the case of clamped and hinged-
clamped beams for which the mode shape changes with the
increase in the amplitude of vibration. In the case of a change
of mode shape, the variables-separable solution is not a true
solution. For the simply supported beams, the change of mode
shape does not occur and the application of the relationship
Winax(G 1) = = w? Wia 0, 1), wix, 1) = 0, is valid both in the
case of the mode-shape change and in the absence of such
changes. The change of the mode shape for clamped beams
has been observed éarlier by Evensen.!?

For clamped and hinged-clamped beams, Bhashyam and
Prathap® have compared the values of »? and axial force,
obtained by means of the Rayleigh quotient finite-element
method (RQFEM) and the Galerkin finite-element formula-
tion (GFEM), with the results obtained by means of the Lind-
stedt-Poincaré method (L-PM).

Sarma and Varadan® have compared additionally the above
results with those obtained by means of the Lagrange type of
formulation for FEM. The Lagrange FEM (L-FEM) results
agree very well with those of the GFEM, whereas the RQFEM
results agree with the L-PM results. All of these results agree
very well with each other at low levels of amplitude. One
should notice also that the agreement of data for higher levels
of amplitude is reasonably good.

For literature quoted above, it is evident that GFEM, L-
FEM, RQFEM, and L-PM are equivalent in studying nonlin-
ear vibrations of beams described by the equations of moder-
ately large bending theory.

The present work deals with the analysis of the free vibra-
tions of a geometrically nonlinear continuous system charac-
terized by an initial imperfection. For solving the problem, the
Lindstedt-Poincaré method is used, as in Refs. 11 and 12. Our
principal purpose is the analysis of the effect of an initial
imperfection on the free vibration of the system. This system
is presented in Fig. 1. As can be seen, it is composed of a
simply supported beam. One end of this beam (x = L) is
supported by spring (2) in the longitudinal direction. From the
equality of longitudinal displacements of the beam and spring,
the geometrical nonlinearity of this system results. The initial
imperfection is produced by eccentricity e, on which the con-
servative forces act.

Mathematical Formulation

According to the moderately large bending theory, the equi-
librium equations for Hookean material are in the following
forms:

In the transverse direction,

EJ Woeee = [EAWU, + oW DW,i |+ pAW, = 0 (1)
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Fig. 1 Scheme of a system.
In the in-plane direction,
S =~ [EA (U + now,))] @
The following dimensionless quantities are introduced:
_x A
E—L’ T=wl, u—L’ _L,
elLP LS
= == 3
P=Er °TEs =

Equations (1) and (2) in the dimensionless coordinates are in
the form

Wogrer + SW,ee + ro’ w,,, =0 )
where

pAL* AL? 1 .
r=t s——l:J (u,5+/z(w,£)> (5)

The dimensionless lateral displacements of the beam satisfy
the conditions (Fig. 1):

Wii_o=wz_1=0 ©)

Wigtg—0= Wogge=1= — D )

On the basis of the equality condition of longitudinal beam
and spring displacements for ¢ = 1 and Eq. (5), we obtain

1
s(n)=a — Vzbg (w,p)%dE ¥
0
where
PL? 1 AL? B
Q=——", b=——0ro
EJ 1+8 J 1+8

Application of the Perturbation Method to the System

In order to determine the solution, the method of small
parameter, which is also known as the method of strained
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parameters or the Lindstedt-Poincaré method, is applied.!!12
The functions w(£,7) and «? are expanded into the Taylor
series with respect to the parameter ¢ in the surrounding e = 0,
i.e., we assume

N n

WER) = L () + O ©)
N en

@@= L~ o] + 0V (10)
n=07:

Moreover, owing to the relationships given by Egs. (8) and (9),
we have

N n

st =Y %sn(m 0N+ 1) ar)
where
so=a + Vil (12)
L n
sp=v ¥ < >Ik,n_k, n=12,..N (13)
k=0\Kk
with

1
aw; ow;
I,j=—-b| ——d
! j o 0F 0% : (14)
By considering expansions of Eqs. (9-11) in Eq. (4) and
grouping the terms of the same powers e, we obtain the follow-
ing equations (dots denote a derivative with respect to 7):

@ wo'V + sow” + rwg W =0 (15)
et L(w,) = — rot i (16)

n—1

n
€ Lw,)=— Y, <k> [skw,,i’k + Vol Wl + rwﬁw,,_k]

k=1

— rwlivg, n=23,.,N an
where
Lw ) =w +sowi + redg + Iwi, k=1,...,.N
(18)

In order to determine the solutions of Egs. (15-17), it is
assumed that the unknown functions wy (£,7) are the periodi-
cal functions in the form

(19)

k .
welem)= 1 wi(E) cos(in)

Furthermore, on the basis of Egs. (12-14) and Eq. (19), we
also have

se(7) = f sf cos(i7) (20)
i=0

The following boundary conditions result from Egs. (6) and
(7) for the functions

wi(0) = wi(1) =0, k=0,1,.. N, i=0,1,.,k (21
(W;';>"\s=0= (Wf;)\z:lzo’
i=0,1,....k (22)

(w8) k0= (W) "le<r= —p @3)

Because of Eq. (19), we obtain

k=0,1,...,N,

wo(&,7) = wo() (24)
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This means that the term W, nullifies in Egs. (15-17).

Solution of the Problem
Equation (15), after considering Eq. (24), becomes a gov-
erning differential equation of the equilibrium of a beam. This
equation and the conditions given by Egs. (21) and (23) are
therefore satisfied by the function:

Wwl(E) =s£ cos k(8 — 2) _

0 cos ks
2

1 (25)

where k2 = so. By substituting Eq. (25) into Eq. (12), one gets
the transcendental equation for sy:

bp? sin K,

a —sp+ 11=0 (26)

4s, cos? =
2

The functions wi(§), i = 0,1, satisfy the equation which is
obtained by substituting Eq. (19) into Eq. (16) for £ = 1:

Low)) = W)Y + so(w))” + siw § = iregwi, i=0,1

27
Homogeneous differential Eq. (27) with homogeneous
boundary conditions, Eqs. (21) and (22), form a class of

problems known as eigenvalue problems. One may show that
for so< 7¥(So< mEJ/L? and i = 0,

wi() =0 28)

The solution of Eq. (27) for i = 1 with conditions given by
Egs. (21) and (22) (k = 1) is obtained in the form

wi(E) = Ds} cos k(8 — V2) _ 1

ks &+
cos —
2

o cosh ai(¢ — 12) rod cos ay(§ — 12) 29)
o
cos —

cosh il
2 2

where

L
b=
ray

A
o = ‘/z{(—l)"soﬁ— [(s0)2+4mg] } i=12

In the solution given by Eq. (29), s{ is an arbitrary constant
which is determined from the normalization condition:

w) <I—;> =1 (30)

From Eq. (13) for n = 1, taking into account Egs. (19) and
(20), the following equation of the frequency w, is obtained:

st=1Ip €2))
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By substituting Eq. (29) and using the normalization condition
of Eq. (30), Eq. (31) takes the form

kg in k, 2
pr{‘/zcos—2 E<1 s s> -

kg af + oz%
2
k.
X [Z—é(al tanh % + kg tan ES>
o3 o k.
+a—§ aztanf—kstanzs = -1 (32

On the left-hand side of Eqs. (16) and (17), the same opera-
tor occurs. Since homogeneous Eq: (16), after considering Eq.
(28), has a nonzero solution, the orthogonality condition (cf.
Ref. 1) should be satisfied so that the nonzero solutions of Eq.
(17) might exist. This condition may be presented as follows:

27 1 azwn_k 1 azwo . 5
(S) S WI[Sk—agz— +51k,,,_k—a£—2 + Wy, Wi

x dg dr =0, n=2,...N (3

From the orthogonality condition of Eq. (33), the unknown
values of wf-,j =1,2,...,N — 1, are determined, and forn = 2,
one gets

=0 (34)

&)

whereas for n = 3, we have

27 1
[S <5111’2+“‘5211’1> dT:l
0 2

w% = 271 (33)
{br& S (wi)?dg dT]
0

0

By substituting Egs. (19) and (20) in Eq. (17), we get the
differential equations for components w/, i=2,..,N,
7 =0,1,...,i. The solutions of these equations for n = 2 at zero
values of the boundary conditions given by Eqgs. (21) and (22)
are as below:

wi®) = <D sf)z PERLL ORI

£y

coszs ZCOSE
in & X h -
w | SBAE ke |G RN EZ) o
2 =S hﬂ
cos cosh =

— 1
+ cos ap (€ %) G,

X2
cos —
2

(36)

wi(®) = w((§) (37
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wi(E) = (D sf>2 cosh By @BT 2 g+

cosh —

— Vs
cos B (€ —Y2) B, —
Ccos =2
2

—1
cos k, (£ — 1) Ho+

cosh o (§ — %) H + cos an(§ — V2) H,

osﬁs coshﬂ cos%
) 2 2
(38)
where
sd L s,

1= P T s A2: - OZ—Al

(D s 51)* Druwj

e (-1 Lo?

Gy = — A, G =
°TLDsy, ! "TEID _; (oF+0d)

L
(Ds{)* reg(ed + )

i =

[ Vi (%sOB% +(=1y rw%)D (s1)?

+ Valps; 32]

Ls,

D (s))*of
4r (Ds, )2

Ho= 3r (of + o)

2
I:D(Sll)z 2j|’ H[Z(—l)i+1

B%:1/2{(—1)’50+[(50)2+16rw(2)]1/22, i=1,2

The components s}, i = 0,1,2, determined on the basis of Eq.
(13) and Eqgs. (19-20) are in the following form:

- _b[g W’ (W' di + %ﬁ((wf)')z ds] (39)
0 0

03 —~

N
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Fig. 2 Corrections to the frequency ratio (w — wp)/wp (curves 1-4)
and to the internal force amplitude ratio (S — Sp)/So (curves 1*-4*)
for various 8 and ¢ (first mode).
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Fig. 3 Variations of nonlinear frequency ratio w/w, (curves 1-4) and
axial force ratio .S/Sg (curves 1'-4°) for various ¢ (first mode).

1
si=—b{ ) W) dg (40)
0

57 = —b[S (wg)” (w3)" d& + I/ZK(WI) )2 dg:l @b

The solutions of wl(£), wi(£), wi(&), wi(§), and wi(§)
[respectively, Egs. (25, 29, 36-38)] obtained earlier are sub-
stituted into Eqgs. (39-41). After some algebra, one gets the
formulae expressing s, s;, and s2. The values of component
forces s?, s4, and s? are calculated directly from the expres-
sions obtained.

Solution for e =0

The solution of the problem in the case of loading the
system by an axial force (e = 0) is obtained on the basis of the
equations given in the preceding section by changing the con-
dition [Eq. (7)] and consequently Eq. (23) into a homogeneous
condition (p = 0). For the force Sqge (0,72EJ/L?), there exists
the rectilinear equilibrium form [wy(§) = 0]. For S; = w2EJ/
L2, we have the curvilinear form of the bar equilibrium
[w, (&) # 0]. Therefore, depending on the value of the force
Sy, there are two different solutions. By considering the course
of calculation given for a longitudinally deflected system
(e # 0), the solution for e =0 is

. wEJ
For 0= S;<2==,
LZ
0= wi=wi=0, wi=wl=sinat, wy=(%)B |2
wl=wl=w}=0, w' =w)=sinntf, wy=|— =
0 = Wz 3 1 2 0= \7 oA
. mEJ
For § = IR
wg = B sin ¢ w) = w} = sinw¢ wi = ism7r£
0 , 1 2 ) P SBL ,
wi = —— sin 7§
2BL
where

- z>2 ! [ _™EJ }
B—<L EABP I’ a+p

Results of the Numerical Calculation

The calculation is performed for the following fundamental
physical and geometrical data: £ = 200.0 GPa, J = 2.042 X
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Fig.d4a Axial internal force § in a beam vs loading force P for
various e at 8 = 0.001 and ¢ = 0.01 (first mode).
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Fig. 4b Axial internal force S in a beam vs loading force P for
various ¢ at 8 = 0.001 and e = 0.01 (first mode).

10-¢ m*, A =5.0657% 103 m? p=6000 kg/m? and
L=40m.

In Fig. 2, the corrections to the frequency ratio (w — wg)/wy
(curves 1-4) and to the internal force amplitude ratio (S — Sp)/
So (curves 17-4") in terms of the value of nondimensional
spring constant 3 are presented for various values of the
amplitude parameter.

Figure 3 illustrates the effect of the amplitude parameter
on the value of w/wq (curves 1-4) and S/§; (curves 1*-4™). The
results of the calculation concerning variations of internal
force S vs the value of external force P for various values of
eccentricity e are gathered in Figs. 4a and 4b, whereas the
change of nonlinear frequency is shown in Figs. Sa and 5b.

For e = 0 and force P. = w2EJ/L? (1 + f3), the frequency wy
equals zero. The correction factor of the frequency w, calcu-
lated for the data assumed is as follows:

For 8 =0.010:
w, = 108.5, \% @, =0.787, €=0.01
For 8 =0.001:
€
@=345,  S@=024, c=00l
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Fig. 5a Basic nonlinear frequency of the structure vs loading force P
for various e at 8 = 0.01 and ¢ = 0.01 (first mode).
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Fig. 5b  Basic nonlinear frequency of the structure vs loading force P
for various e at 8 = 0.001 and ¢ = 0.01 (first mode).
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Fig. 6 First mode of vibration and components of beam axis deflec-
tion.
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Table 1 Nondimensional mode shape

£ 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
8(¢) 0.156 0.308 0.453 0.587 0.707 0.805 0.891 0.951 0.988 1.000

Table 1 shows the nondimensional mode shape &8(¢)=
few/(§) + (/2 [wi(E) + w31}/ {ew](1/2) + (€/2)[w(1/2) +
w2(1/2)}} calculated for e =0.005, 0.050, 0.100, and e=0.10
and ¢=0.01. In Fig. 6, the first mode of vibration is shown.

Conclusions

The solution w(£,7) is determined by the linear differential-
integral equation, in which the term including the initial de-
flection wq (£) resulting from the system imperfection exists.
Therefore, the first approximation w, depends also upon the
initial deflection.

With the increase in the spring stiffness, the values of cor-
rection decrease both for nonlinear free vibration frequency
and values of internal forces S (cf. Fig. 2). The increase in the
value of the amplitude parameter results in the increase of the
value of frequency w and the decrease of amplitude of the
internal force S (cf. Fig. 3).

A significant influence of the initial imperfection on the
nonlinear frequencies w and internal forces is also observed.
However, this effect decreases with the increase in the value of
spring constant {cf. Figs. 4 and 5).

For geometrically nonlinear simply supported beams with
an initial imperfection, the change of the mode shape does not
occur with the increase in the amplitude of vibration. The
mode shape of vibration does not exhibit such a change with
the increase in the initial imperfection.
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